In this paper, we use the concept of C-class functions to establish the best proximity point results for a certain class of proximal contractive mappings in S-metric spaces. Our results extend and improve some known results in the literature. We give examples to analyze and support our main results.
Introduction and preliminaries
Consider the equation Tx = x. If the equation Tx = x does not possess a solution, then we attempt to resolve the problem of finding an element x such that x is in proximity to Tx. In fact, in the setting of a metric space (X, d), if T : A → X, then a best approximation theorem provides sufficient conditions that confirm the existence of an element x  , known as the best approximant, such that d(x  , Tx  ) = d(Tx  , A), where d(A, B) := inf{d(x, y) : x ∈ A and y ∈ B} for any nonempty subsets A and B of X. Indeed, a classical best approximation theorem, due to Ky Fan [] , states that if K is a nonempty compact convex subset of a Banach space X and T : K → X is a single-valued continuous mapping, then there exists an element x  ∈ K such that d(x  , Tx  ) = inf{d(y, Tx  ) : y ∈ K}, where d is a metric on X. This result has been generalized by many authors (see [-] ). In other words, if A and B are two nonempty subsets of a metric space (X, d), then an element x ∈ A is said to be a fixed point of a given map T : A → B if Tx = x. Clearly, T(A) ∩ A = ∅ is a necessary (but not sufficient) condition for the existence of a fixed point of T. If T(A) ∩ A = ∅, then d(x, Tx) >  for all x ∈ A, that is, the set of fixed points of T is empty. In such a situation, one often attempts to find an element x which is in some sense closest to Tx. Best proximity point analysis has been developed in this direction.
An element x * ∈ A is called a best proximity point of T if 
Indeed, in view of the fact that d(x, Tx) ≥ d(A, B)
for all x ∈ A, the global minimum of the mapping x → d(x, Tx) is attained at a best proximity point. Clearly, if the underlying mapping is self-mapping, then a best proximity point reduces to a fixed point. The goal of best proximity point theory is to furnish sufficient conditions that assure the existence of such points. For more details on this approach, we refer the reader to [-] 
That is, for each ε > , there exists n  ∈ N such that for all n, m ≥ n  we have S(x n , x n , x m ) < ε. (iii) The S-metric space (X, S) is said to be complete if every Cauchy sequence is a convergent sequence.
Some geometric examples for S-metric spaces can be seen in [] .
if there exists a real umber b ≥  such that the following conditions hold for
The function d is called a B-metric on X, and the pair (X, d) is called a B-metric space.
Theorem . (see []) Let (X, S) be an S-metric space, and let d(x, y) = S(x, x, y)
for all x, y ∈ X. Then we have 
continuous and satisfies the following properties:
We will denote the family of C-class functions as C. Note that for some F ∈ C, we have We let denote the class of altering distance functions.
Definition . (see []) An ultra altering distance function is a continuous, nondecreasing mapping
We let u denote the set of all ultra altering distance functions. We note that every S-metric on X induces a metric d S on X defined by
for all x, y ∈ X. We show that a metric d S on X defined by () is a B-metric on X. Conditions (B) and (B) are easy to check. It follows from the definition of S-metric and Lemma . that 
Definition . (see [] ) Let A and B be two nonempty subsets of an S-metric space (X, S). Let T : A → B be a nonself-mapping. We say that T is an S-ϕ-ψ-proximal contractive mapping, if for all x, y, u, v ∈ A,
holds, where ϕ ∈ and ψ ∈ .
Definition . Let A and B be two nonempty subsets of an S-metric space (X, S).
An element x * ∈ A is said to be a best proximity point of a nonself-mapping
The main result obtained in [] is the following best proximity point theorem.
Theorem . (see []) Let A, B be two nonempty subsets of an S-metric space (X, S) such that (A, S) is a complete S-metric space, A  is nonempty, and B is approximately compact with respect to A. Assume that T : A → B is an S-ϕ-ψ-proximal contractive mapping such that T(A  ) ⊆ B  . Then T has a unique best proximity point; that is, there exists a unique element z
∈ A such that d S (z, Tz) = d S (A, B).
Main results
Let (X, S) be an S-metric space. Suppose that A and B are nonempty subsets of an S-metric space (X, S). We will use the following notations:
where
We introduce the following definitions.
Definition . Let A and B be two nonempty subsets of an S-metric space (X, S). Let
holds, where F ∈ C, ϕ ∈ and ψ ∈ u .
Definition . Let A and B be two nonempty subsets of an S-metric space (X, S). Let
holds, where F ∈ C, ϕ ∈ , ψ ∈ u and
We note that these kind of generalizations make sense, since they extend and cover those corresponding classes of proximal contractive mappings defined in [] . We state and prove our main results.
Theorem . Let A, B be two nonempty subsets of an S-metric space (X, S) such that (A, S) is a complete S-metric space, A  is nonempty, and B is approximately compact with respect to A. Assume that T : A → B is an S-(F, ϕ, ψ)-proximal contractive mapping such that T(A  ) ⊆ B  . Then T has a unique best proximity point; that is, there exists a unique element
Proof Since the subset A  is not empty, we take
This shows that
where u = x n , x = x n- , v = x n+ and y = x n . Therefore from () we have
which implies
So, the sequence {S(x n , x n , x n+ )} is a decreasing sequence in R + and thus it is convergent to t ∈ R + . We claim that t = . Suppose, on the contrary, that t > . Taking the limit as n → ∞ in (), we get
which implies ϕ(t) =  or ψ(t) = . That is, t = , which is a contradiction. Hence, t = . That is,
We will show that {x n } ∞ n= is an S-Cauchy sequence. Suppose, on the contrary, that there exist ε >  and a subsequence {x n k } of {x n } such that
with n k ≥ m k > k. Further, corresponding to m k , we can choose n k in such a way that it is the smallest integer with n k > m k and it satisfies (). Hence,
Set ρ n = S(x n , x n , x n- ). By Lemmas . and ., we have
Letting k → ∞ in (), we derive that
Again, by Lemmas . and ., we obtain the following inequalities:
and
Letting k → ∞ in () and applying (), we find that
Taking the limit as k → ∞ in the above inequality, we obtain
which implies ϕ(ε) =  or ψ(ε) = . That is, ε = , which is contradiction. Thus,
That is, {x n } ∞ n= is a Cauchy sequence. Since (A, S) is a complete S-metric space, there exists z ∈ A such that x n → z as n → ∞. On the other hand, for all n ∈ N, we can write
Taking the limit as n → ∞ in the above inequality, we obtain
Since B is approximately compact with respect to A, the sequence {Tx n } has a subsequence {Tx n k } that converges to some y * ∈ B. Hence,
and so z ∈ A  . Now, since Tz ∈ T(A  ) ⊆ B  , there exists w ∈ A  such that d S (w, Tz) = d S (A, B) . From () with u = x n+ , x = x n , v = w and y = z, we have
Taking the limit as n → ∞, we get
This implies S(z, z, w) = . That is, w = z. Thus d S (z, Tz) = d S (A, B)
. Therefore T has a best proximity point. To prove uniqueness, suppose that (A, B) . Now, by () with u = x = p and v = y = q, we get 
() Let F(s, t) = s -t for all s, t ∈ [, ∞). Also define ϕ, ψ : [, ∞) → [, ∞) by ϕ(t) = t and ψ(t)
Therefore, we have
That is,
Thus T is an S-(F, ϕ, ψ)-proximal contractive mapping. All the conditions of Theorem . hold true, and T has a unique best proximity point. Here, z =  is the unique best proximity point of T.
Remark . If we take F(s, t)
= s -t in Theorem ., then our result reduces to Theorem . in [] .
Theorem . Let A, B be two nonempty subsets of an S-metric space (X, S) such that (A, S) is a complete S-metric space, A  is nonempty, and B is approximately compact with respect to A. Assume that T : A → B is an S-(F, ϕ, ψ)-sum-proximal contractive mapping such that T(A  ) ⊆ B  . Then T has a unique best proximity point; that is, there exists a unique element
Proof Since the subset A  is not empty, we take (A, B) . Recursively, we obtain a sequence {x n } in A  satisfying
From () with x = x n , u = x n+ , u * = x n+ , y = x n+ and v = x n+ , and Lemma ., we have
So, the sequence {S(x n , x n , x n+ )} is a decreasing sequence in R + and thus it is convergent to t ∈ R + . We claim that t = . Suppose, on the contrary, that t > . Taking the limit as n → ∞ in (), we get
with n k ≥ m k > k. Further, corresponding to m k , we can choose n k in such a way that it is the smallest integer with n k > m k satisfying (). Hence,
Letting k → ∞, we derive
Again, by using Lemmas . and ., we obtain the following inequalities:
Letting k → ∞ in () and () and applying (), we find that
which implies ϕ(ε) =  or ψ(ε) = . That is, ε = , which is a contradiction. Thus,
This proves that {x n } is a Cauchy sequence in an S-metric space (X, S). Since (A, S) is a complete metric space, there exists z ∈ A such that {x n } converges to z. As in the proof of Theorem ., we have
Taking the limit as n → ∞ in the above inequality, we get 
where F ∈ C, ϕ ∈ , ψ ∈ u and
Thus T is an S-(F, ϕ, ψ)-sum-proximal contractive mapping. All the conditions of Theorem . hold true and T has a unique best proximity point. Here, z =  is the unique best proximity point of T. 
Remark . If we take F(s, t) = (a +
where F ∈ C, ϕ ∈ , ψ ∈ u and Proof Following the same lines as those in the proof of Theorem ., we can construct a sequence {x n } in A  satisfying
From () with x = x n- , u = x n , y = x n and v = x n+ , we have
+ cS(x n- , x n- , x n ) + dS(x n- , x n- , x n ) ,
aS(x n- , x n- , x n ) + b S(x n- , x n- , x n )S(x n- , x n- , x n )  + S(x n , x n , x n+ ) + cS(x n- , x n- , x n ) + dS(x n- , x n- , x n ) ≤ ϕ S(x n- , x n- , x n ) () for all n ∈ N ∪ {}. This implies S(x n , x n , x n+ ) ≤ S(x n- , x n- , x n ).
So, the sequence {S(x n , x n , x n+ )} is a decreasing sequence in R + and thus it is convergent to t ∈ R + . We claim that t = . Suppose, on the contrary, that t > . Taking limit as n → ∞ in (), we get
ϕ(t) ≤ F ϕ(t), ψ(t) , (   )
which implies ϕ(t) =  or ψ(t) = . That is, t =  which is a contradiction. Hence, t = . That is, lim n→∞ S(x n , x n , x n+ ) = .
Similarly, one can see that {x n } is a Cauchy sequence in an S-metric space (X, S). Due to the completeness of (A, S), there exists z ∈ A such that {x n } converges to z. As in the proof of Theorem ., we have d S (w, Tz) = d S (A, B) for some w ∈ A  . Now, from () with x = x n- , u = x n , y = z and v = w, we deduce ϕ S(x n , x n , w)
aS(x n- , x n- , x n ) + b S(x n- , x n- , z)S(x n- , x n- , x n )  + S(x n , x n , w)
+ cS(x n- , x n- , z) + dS(x n- , x n- , x n ) .
By taking the limit as n → ∞ in the above inequality, we get S(z, z, w) = ; that is, z = w. 
which implies S(p, p, q) = . Hence, p = q; that is, T has a unique best proximity point. 
